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Slide2: General Derivation

Assumptions: P+A 800G PAOTL Z

d[PA] _

*Concentration of [PJ[A] -k ,[PA] = 0 (steady state reached quickly ifk, >k ,)

. dt
romoters is constant
g (1) [PA] = KIPIAT [PHAL ook =Xa
*Promoter P and _1 K, Pk,
activator A are in o ' k, +k, k, 1
equilibrium with their Note: in Michaelis-Menten K = k = k = K ifk, <k,

complex PA

As the total concentration of promoters is constant:
*The reaction forming [P,] = [P] + [PA] O[P] = [P,] - [PA]

lfhe pr Ot_ein Zis Substituting into (1):
irreversible pap = [PUALL (R]-[PADIA] o [AIIR]
Note: Contrarily to K, Ky Ky +A]

Michaelis-Menten, the The rate of protein synthesis is described by:
Substrate is not used up | d[z] _ k[P, 1[A] V. [A]

& the protein Z rebinds | "3 ~ Ko[PA] K, +[A] K, +A]
the promoter

where V_ = k,[P,]




Modelling T9002

AHL +LuxR [T, A (Assuming all stochiometric numbers as shown)

d[A] _ k,[AHL][LuxR] -k ,[A]=0 (steady-state)
Key: dt

LuxR is constitutively produced and reaches steady state before AHL is added.

P: Promoter pLuxR

A: AHL/LuxR complex [LuxR] can be approximated as a constant: [LuxR] = 4

[AHL][LuxR] A[AHL] k 1

PA: pLuxR/AHL/LuxR [ = =% = 0@) [A]=AK,,[AHL]
Comp/ex [A] [A] k(x KDOL
Z: GFP

P+A -BODC PAOTS Z

The rate of protein synthesis is described by:

A

[ A2y pay = BIRIAL VAL ey = k)
. Note: ! dt [A] + K, [A] + K,

: | : oL
'AHL + LuxR < AHL/LuxR (see Slide No. 2 for derivation)
| .

The total change in protein concentration includes protein degradation:
d[Z V_ [A
2 VoAl 507

. LUXR is present in
. excess of AHL.
' The protein Z (AHL)

I
|
I max
|
|
|
|
I
|

dt  [A] +K,

. associates with LuxR
| to form A. Thus, Z
| indirectly becomes the

' activator A.

L — —

d[Z] — Vmax lKDa [AHL] _
dt  AK,,[AHL]+K,
Rearranging and substituting for Z:

3) d[GFP] _ V_..[AHL]

dt K
[AHL] + %KD(,

Substituing Equation (2): 0,[Z]

- 6GFP [GFP]



o>

Fig.1a: Diagram for model

in cell designer

Equation:

d[GFP] V. [AHL]

. K
[AHL] + %Km

Known or measurable parameters:

* [GFP], [AHL], GFP degradation

Parameters to extract from model:

amaunt
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20

T9002.xml

=——s3:GFP
AHL
LuxR

100 200 300 400 500 800
Time

Fig.1b: Output from the model in Fig.1a

Input Values used to generate above graph:

Sgpp =0.015min™ AM
V...=10, [AHL]=1.0, [LuxR]=0.93



Extracting parameters: 79002

Measurements are taken after [GFP] has reached steady state (=—— GFP] =0):

d[GFP] _ V,, [AHL] Sop [GFP1=0  where K, = %
dt K, +[AHL] o

AHL
1 5., [GFP] =~ AHL]
K, +[AHL]
+
Lineweaver-Burk: : KAARL]_ K, L] (Plot of 5—&m versus )
O [GFP]  V_ [AHL] V__ [AHL] V__

Eadie-Hofstee : 9., [GFP](K,+[AHL])=V__[AHL]

max

8¢ [GFPI[AHL]= - 8., [GFP]K, + V. [AHL]

[[EI];:Illjill Vmax (PlOt Of 8GFP [GFP] VEIsus [[EI?L)]])

Ogep [GFP] = - 05 K,



Modelling J37015

AHL +LuxR 0. A (Assuming all stochiometric numbers as shown)

% =k, [AHL][LuxR] ~k_,[A]

Key: LuxR is constitutively produced and reaches steady state before AHL is added.
P: Promoter pLuxR [LuxR] can be approximated as a constant: [LuxR] = A
A: AHL/LuxR complex _dgA] =k, A[AHL] —k_,[A] = 0 (steady-state)
PA: pLuxR/AHL/LuxR complex [;HL] ) 1
: [ = = —— 0@) [A]=4K, [AHL

P+A - BOD PAOES Z

The rate of protein synthesis is described by:

d[Z] — k2 [PA] — k2 [PO][A] — Vmax [A]
,___. ................................... I dt [A] + KD [A] + KD
(see Slide No. 2 for derivation)

The total change in protein concentration includes protein degradation:

where V__ = k,[P]

. AHL +LuxR o AHL/LuxR

|
|
|
!
| LuxR is present in excess of
% AHL.
|
|
|
|
|

d[Z] _ V,.[A
[ ] — max[ ] — 51[2]
i dt [A] + K,
| The protein Z (AHL) d[z] _ V_ AK,,[AHL]

| associates with LuxR to form Substituing Equation (4): —9,[Z]

- A. Thus, Z indirectly becomes
| the activator A.

dt K, [AHL] + K,
Since AHL/LuxR complex is in equilibrium with AHL, we can approximate:

5 JAHLI_ _ V,, [AHL]

dt K
[AHL] + %Km

- 5/\HL [AHL]



J37015

35 4

J37015
%x : | Exponential Growth of prey (AHL concentration)
AHL

Fig.2a: Diagram for model g

in Cell designer U sa’l0_degraded
Equation:
d[AHL V__[AHL

dt  AHL] + Ko : | . , | |
)LKDa o 10 20 3o T::E a0 &0 70 20

Fig.2b: Output from the model in Fig.2a

Values used for graph:
V__=1.245, K% =15, 2=1, 6,=0.0016s™
Da

Known or measurable parameters:
i * [AHL], AHL degradation

! [
! [
' |
E Parameters to extract from model: |

[
: |

[
[



Extracting parameters: J37015

AHL is measured during exponential growth (not at steady state).
The following ODE thus needs to be solved:

diAHL] _ _ VaulAHLL 5 ragr
AHL

K
dt %KDG + [ AHL] Since 6AHLi;fvery small,

this term can be neglected

d[AHL] — Vmax [AHL] where K1 = K%K
dt K, + [AHL] e

d[AHL]
[AHL]

(Kl + [AHL]) - Vmax dt

d[AHL] _ J,Vmax dt
[AHL]

[AHL] + K,Inf[AHL]=V__t+c
Rearranging for a plot of t versus [AHL]:
t= v—([AHL] + K In[AHL] + ¢)

J’ d[AHL] + J’ K,



Key:
P: Promoter pLuxR

A: AHL/LuxR
complex

PA: pLuxR/AHL/LuxR
complex

Z: GFP and LuxR

Modelling J37016

AHL +LuxR [ A (Assuming all stochiometric numbers as shown)

dg?] =k [AHL][LuxR] - k_[A] =0 (because of steady state)
[AHL][LuxR] _k_, _ 1 _
[ A kK. () [A=K,,[AHL][LuxR]

P+A 80T PAOT- Z

The rate of protein synthesis is described by:

A7) pag= KPJIAT _ Vi [A]
dt [A]+ K, [A]+K,

(see Slide No. 2 for derivation)

where V_ =k, [P]

The total change in protein concentration includes protein degradation:

diZ] _ ViulAl _ (Z]
dt [A]+K, ?

d[Z] — VmaxKD(:( [AHL] [LuXR]
dt K,,[AHL]J[LuxR]+ K,
There are two different products being transcribed: LuxR and GFP.

Substituing Equation (6): - 0,[Z]

Considering both products after another, keeping in mind they are measured at steady state:

¢y QLwR]__ V, [AHLJLuxR] 5 [LuxR] =

dt  [AHL][LuxR]+ K%(
Da

d[GFP V_ [AHL][LuxR
(8) [ ]: max[ ] _ GFP GFP] O

dt
[AHL][LuxR] + ADQ

0(7) =@®) O &,,.LuxR]=3,,[GFP] [ [LuXR]:JG% [GFP]




GFP T GFP

AHL

Fig.3a: Diagram for model

in cell designer

Equation:
d[GFP] _  V, [AHL][LuxR]

max

=t 0

dt  [AHL][LuxR]+ K%{

[F —.

i Known or measurable parameters:
. » [AHL], GFP degradation

|
!
E Parameters to extract from model:
|
|

J37016.xml
.
[u] 100 200 -l—QI::e 400 500 00
Fig.3b: Output from the model in Fig.3a
- 8GFP [GFP]

Input values used to generate above graph:

8. =0.015min™" K%( =1.0
Da

V_ =10, [AHL]=1.0, [LuxR]=0.93

max



Extracting parameters: J37016

Measurements are taken after [GFP] has reached steady state (@=O):
d[GFP] V_ [AHL][LuxR]

max

dt K,+ [AHL][LuxR]

0 8 [GFP]= V__ [AHL][LuxR]

-5, [GFP]=0  where K, = K%(é and [LuxR]=%"/  [GFP]

LuxR

K,+[AHL][LuxR]
+
Lineweaver-Burk: 1 = K+ [AHLITuxR]_ K, 1 s (Plot of 5—(5m; Versus
Osp LGFP]  V_ [AHL][LuxR] V__ [AHL][LuxR] V__ o

Eadie-Hofstee : ., [GFP](K,+[AHL][LuxR]) =V_ [AHL][LuxR]

max

8¢ep [GFPITAHL][LuxR] = - 8., [GFP]K, + V. [AHL][LuxR]

[GEP] +V__ (Plotof 8., [GFP] versus -1

Ogpp [GFP] = = 841 K, [AHL][LuxR] [AHL][LuxR]




Modelling J37022 (AHL)

True Michaelis-Menten :

k

Key: E+S 8009 ESOf- E+2Z

d[ES] _ _
E: Enzyme AHL-lactonase a k,[E][S] = k,[ES] —k,[ES]= 0
S.' AHL (9) [ES] — k][E][S] - [E][S] Where Km = k-1 +k2

HH k-1 +k2 Km k1

ES: aiiA/AHL complex : ,

As the total concentration of enzyme is constant:
Z: Acyl-HS [E,] = [E] + [ES]  OI[E] = [E,]- [ES]

Substituting into (1):

_ [EIS]_ (BJ-[ESDIS)  jpg; — [SIIE,]
K K, +[S]

m m

The rate of degradation of substrate (activity of enzyme)

[ES]

is described by:
_dis] = k,[ES] = K,[E, ]15] = VolS] where V__ = k,[E,]
dt K, +[S] K., +[S]
The total rate of degradation of AHL (activity of aiiA) is described by:
(10) d[AHL] _ _ V,,[AHL] _ 5., [AHL] = _k,[E J[AHL] _ 5., [AHL]

dt K_ +[AHL] K +[AHL]



J37022(AHL).xml

AHL

HL-lactonase

amount
(a1

Fig.4a: Diagram for model

== AHL-lactonase
AHL

in cell designer

o 20 40 G0 20 100

Equation: Fig.4b: Output from the model in Fig.4a
k,[E,][AHL
d[AHL] —_ 2[Eoll 1_ 0, [AHL] Input values used to generate above graph:
dt K _+[AHL]

5, =0.00048 , K =331.95
V_ =10 , [AHL]=1.0
k, =1000.0 , E, =1.0

Known or measurable parameters:
* IPTG, aiiA degradation

Parameters to extract from model:



Extracting parameters: J37022(AHL)

Measurements are taken after [AHL] has reached steady state ( d[AHL] =0):
d[AHL] _ k,[E,]J[AHL] _

AHL] =0
dt K_+[AHL] n LAHL]
k,.[E,]JAHL
15, [AHL] = — 2B JlAHL]
K_+[AHL]
+
Lineweaver-Burk: ! - KyHARL] K, Lo (Plot of 5—z versus )
o, [AHL] K, [E(][AHL]  k,[E,][AHL] k,[E]

Eadie-Hofstee : 3,,, [AHL](K _+[AHL]) =-k,[E,]J[AHL]
AHL [AHL] AHL [AHL]K —k [E ITAHL]
O,y [AHL]= -96,,; K. —k,[E,] (Plotof 6,, [AHL] versus ?)



Modelling J37022 (aiiA)

Key: P+A 8O0 PAOTL Z
P: Promoter Lacl The rate of protein synthesis is described by:
A: IPTG @ = kZ[PA] = M = M where Vmax = kZ[PO]
dt [A] + KD [A] + I<D
PA: Lacl/IPTG complex , .
(see Slide No. 2 for derivation)
Z: aiiA The total change in protein concentration includes

protein degradation:
d[Z] _ V,,[A]

max — 5 - Z
dt [A] + K, sia 1]
an dlaiiA] _ V,, [IPTG] _ 5. [aiA]

dt  [IPTG] + K,



AdiA

ER=CEE

Fig.5a: Diagram for model

amount

in cell designer

Equation: D
dlatiA] - Voo [IPTGL 5 4 iiag
dt [IPTG]+ K,

Known or measurable parameters:
* IPTG, aiiA degradation

Parameters to extract from model:

AiiA(IPTG).xml

s AilA
IPTG

20 40 60 80
Time

Fig.5b: Output from the model in Fig.5a

Input values used to generate above graph:

0,.,=0.1 (real value to be found)

K, =1.0 (real value to be found)
V. .. =10 (real value to be found)
[IPTG]=1.0




Extracting parameters: J37022(aiiA)

Measurements are taken after [a11A] has reached steady state ( d[AHL] =0):

d[aiiA] _ V_ [IPTG]

max

dt K, +[IPTG]

-0, [ailA]=0

.. IPT
U 6,4 [a11A] = AARELS)
K, +[IPTG]
+
Lineweaver-Burk: 1“ - K HIPTG]_ Ky 1 + ! (Plot of 5—pza7 Versus )
0., [aniA] V__ [IPTG] VmaX [IPTG] V__,

Eadie-Hofstee : 6., [allA](K,+[IPTG])=V_, [IPTG]

5., [aliA][IPTG] =& [aiiA]K ¥ [IPTG]

[auA] . [aiiA]
> TIPTG] t Vo (Plotof 8, [ailA] versus qpre:)

0,ia [ALIA] = =0, K



Modelling the Overall System

Assumptions:

AHL is diffusing freely throughout the system

Three resulting equations describing the Overall System:

(from the previously derived equations 5, 7, 8, 10, 11)

Production of

AHL Degradation of AHL “Natural” degradation

by enzymel of AHL

d[AHL] _ V_ [AHL] _k,[allA][AHL] J... [AHL]

max

dt K K, +[AHL]
[AHL] + %KDa
d[ailA V__[AHL][LuxR .
1A Vo [AHLILR]
[AHL][LuxR] + %(
Da
d[LuxR V_[AHL][LuxR
LoR) Vo [AHLUILSR] g
[AHL][LuxR] + %(
Da




J37015

i
lactonase "
A

¢

Fig.6a: Diagram for model

in cell designer

amount

finalsystems2.xml
258

15

05

o+—

] 50 100 150 200
Time

Fig.6b: Output from the model in Fig.6a:

We are getting oscillations !!!

250

300

AHL
= sD:lactonase

= s12:luxR




* To gain some qualitative insight we will initially
work under the rapid equilibrium approximation.
This approximation assumes that that the
timescale of protein-protein and protein-DNA
interactions are significantly faster than the other
chemical reactions and thus we can consider
these protein reactions to be at equilibrium



