1(i)
An Example of Bayesian Parameter Estimation

One of the easiest applications of Bayesian analysis is the estimation of the parameters of a statistical distribution. To see how it is done let us deal with a simple example: the exponential distribution

a) What is the exponential distribution of parameter λ?


[image: image1.wmf]î

í

ì

<

³

l

=

l

-

0

0

0

x

x

e

x

f

x

,

,

)

(



 EMBED Equation.3  [image: image2.wmf]
b) Write the general expression for likelihood of the sample vector X=(x1,…,xN) 
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c) It is customary to assign to scale parameters such as λ a prior distribution 
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d) Find the general expression of the maximum of the posterior
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at which its maximum occurs at 
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e) Bonus Question: P(λ)=1/ λ is not normalised… What can be done about it?
To normalise, 
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f) Draw 10 samples x1,…,x10 from the exponential distribution λ =1

	0.2049
	0.0989
	2.0637
	0.0906
	0.4583

	2.3275
	1.2783
	0.6035
	0.0434
	0.0357


g) For these 10 samples plot the posterior of λ [image: image12.png]Posterior of lambda, P{lambdal)
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h) Calculate its maximum, its expected value and its standard deviation

λ|P(λ|x)max = 0.7700

λMEAN = 0.8524

λSTD = 0.2696
1(ii)
Influence of the Quantity of Data and the Hypothesis

a) Re-apply the analysis with 50 samples, 100 samples. 
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b) What do you observe?

The standard deviation decreases as the sample size increases. The value of lamda at which the posterior is maximised tends closer to 1.

	No. of Samples
	Mean
	Standard Deviation

	
	µ1
	µ2
	µ3
	µAVG
	σ1
	σ2
	σ3
	σAVG

	10
	0.7027
	1.1163
	0.8642
	0.8944
	0.2222
	0.3530
	0.2733
	0.2828

	50
	1.1553
	0.9050
	0.9086
	0.9896
	0.1634
	0.1280
	0.1285
	0.1400

	100
	0.9962
	1.0441
	0.9644
	1.0016
	0.0996
	0.1044
	0.0964
	0.1001

	150
	0.9125
	0.9890
	1.0401
	0.9805
	0.0745
	0.0808
	0.0849
	0.0801


	200
	0.9836
	1.0709
	1.0238
	1.0261
	0.0696
	0.0757
	0.0724
	0.0726

	250
	0.9575
	0.9368
	1.0052
	0.9665
	0.0606
	0.0592
	0.0636
	0.0611


c) I want to estimate λ with a 5% error: how many samples do I need?

400 Samples

d) Now, Draw 10, 50, 100 samples with a Gaussian distribution of mean 1 and standard deviation 1. 

Gaussian Distribution:
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Likelihood:
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Posterior of µ:
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Posterior of σ:
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Assuming 
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Posterior of µ:
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Posterior of σ:
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e) Apply the previous Bayesian analysis to these samples

[image: image22.png]Pasterior of u, P{ulx)
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f) What do you observe?

Same observation as for the posterior of the exponential 
2i.
A More Complex Example of Bayesian Parameter Estimation

The exponential distribution only had one parameter to estimate. With several parameters things get more complicated. Now let us deal with a slightly more complex example: the Gaussian distribution. Let us call m and σ its parameters. We assign to σ a prior distribution P(σ)=1/σ and to m a uniform distribution P(m)=1. Again the normalisation constants are overlooked 

a) Write the general expression for likelihood of the sample vector X 
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b) Write the posterior of (m,σ) - Apply MAP to the posterior of (m,σ) 
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Since the mean and standard deviation are independent, we obtain:
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Applying MAP to the posterior of (m,σ): 
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µ is maximised when 
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)

(

)

(

)

(

)

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

s

m

-

-

+

÷

÷

ø

ö

ç

ç

è

æ

p

s

s

¶

¶

=

s

s

¶

¶

å

=

+

n

i

i

n

n

x

x

m

P

1

2

2

1

2

2

1

ln

|

,

ln


σ is maximised when 
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c) Draw 10, 50, 100 samples X=(x1,…,xN) from a Gaussian of mean 10, deviation 5. For these samples plot the posterior of (m,σ). 
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d) Calculate its maximum, its expected value and its Hessian 
	No. of Samples
	Maximum
	Mean
	Standard Deviation
	Hessian

	
	µMAX
	σMAX
	µMEAN
	σMEAN
	µSTD
	σSTD
	µ
	σ

	10
	9.0100
	4.1100
	9.0542
	4.9176
	1.5291
	1.2260
	
	

	50
	9.6500
	4.9100
	9.6574
	5.0852
	0.7230
	0.5259
	
	

	100
	10.0900
	4.5100
	10.0831
	4.5851
	0.4597
	0.3296
	
	

	150
	9.8500
	4.7300
	9.8535
	4.7811
	0.3910
	0.2791
	
	


2ii.
So far, so good: we have simply gone from one dimension to two. However, there is another possibility: we can simply ring ourselves back to one dimension for each of the parameter of the model through marginalisation of the other parameters. 

a) What is marginalisation? 
Marginalisation collapses the joint probabilities of all the possible values of y in order to find the probability of each value of x irrespective of y
b) Marginalise σ to get the posterior of m 
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c) For the samples you have drawn, plot the Posterior of m. 
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d) And estimate its maximum, mean and standard deviation 
e) Do the same with the posterior of σ 
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MATLAB code for Exponential distribution:

function post(L,SampleSize);
%Where L is the value of lambda
%SampleSize is the sample size
%Random Number Generation
x=randraw('exp',L,SampleSize);  %Generate exp dist samples, lambda=L
x_sum=sum(x);           %Sums the values of 10 samples
lambda=[0.01:0.01:5];   %Declares lamda from 0 to 5
for n=1:500
%Generates posterior of lambda 

pos(n)=((lambda(n)^(SampleSize-1))*exp(-lambda(n)*x_sum));   
end;
norm_const=sum(pos)*0.01; %To normalise area under graph = 1
pos=pos/norm_const;
plot(lambda,pos);   %Plots posterior as a function of lamda
Title('Posterior of lambda, P(lambda|x)')
xlabel('lambda'); ylabel('Probability Density');
grid on;
%To check for proper normalisation,  
%Calculate Area Under Graph    
%y2handle=@(z) (z.^(SampleSize-1)).*exp(-z.*x_sum)/norm_const; 
%Ensure that Q2~1 for proper normalisation
%Q2=quad(y2handle,0.01,5,1.0e-2)   
%To Calculate Max, Mean and Variance
for n=1:500
    if pos(n)==max(pos)         %Locates maximum posterior
        lambda_max=lambda(n)    %Finds lambda for max posterior
    end;
end;
%Calculates mean of lambda   
lambda_mean=sum(lambda.*pos)*0.01  
%Calculates std dev of lamda
lambda_std=sqrt(sum((lambda.^2).*(pos*0.01))-pos_mean^2)  
MATLAB code for Gaussian distribution (Posterior of Mean)

function postnormu(M,Sig,SampleSize)
%Where M is the mean
%Sig is the standard deviation
%SampleSize is the sample size
%Random Number Generation
%Generate norm dist samples with mean M, std Sig
x=normrnd(M,Sig,1,SampleSize);  
x_sum=sum(x);           %Sums the values of 10 samples
x2_sum=sum(x.^2);
u=[0.001:0.001:3];   %Declares u from 0 to 3
for n=1:3000
    %Generates posterior of u 
    pos(n)=((Sig*sqrt(2*pi))^(-1*SampleSize))*exp(-(x2_sum-2*u(n)*x_sum+SampleSize*(u(n))^2)/(2*Sig^2));
end;
norm_const=sum(pos)*0.001; %To normalise area under graph = 1
pos=pos/norm_const;
plot(u,pos);   %Plots posterior as a function of lamda
Title('Posterior of u, P(u|x)');
xlabel('Mean'); ylabel('Probability Density');
grid on;
%To check for proper normalisation,  
%Calculate Area Under Graph    
%y2handle=@(z) (z.^(SampleSize-1)).*exp(-z.*x_sum)/norm_const; 
%Ensure that Q2~1 for proper normalisation
%Q2=quad(y2handle,0.01,5,1.0e-2)   
%To Calculate Max, Mean and Variance
for n=1:3000
    if pos(n)==max(pos)         %Locates maximum posterior
        u_max=u(n)    %Finds lambda for max posterior
    end;
end;
%Calculates mean    
u_mean=sum(u.*pos)*0.001  
%Calculates std dev
u_std=sqrt(sum((u.^2).*(pos*0.001))-u_mean^2) 
MATLAB code for Gaussian distribution (Posterior of Standard Deviation)

function postnorms(M,Sig,SampleSize)
%Where M is the mean
%Sig is the standard deviation
%SampleSize is the sample size
%Random Number Generation
%Generate norm dist samples with mean M, std Sig
x=normrnd(M,Sig,1,SampleSize);  
x_sum=sum((x-M).^2);    %Sums square of difference of x and mean
s=[0.001:0.001:3];   %Declares s from 0 to 3
for n=1:3000
    %Generates posterior of s 
    pos(n)=(1/((s(n)^(SampleSize+1))*sqrt(2*pi)^SampleSize))*exp(-x_sum/(2*s(n)^2));
end;
norm_const=sum(pos)*0.001; %To normalise area under graph = 1
pos=pos/norm_const;
plot(s,pos);   %Plots posterior as a function of lamda
Title('Posterior of s, P(s|x)')
xlabel('Standard Deviation'); ylabel('Probability Density');
grid on;
%To check for proper normalisation,  
%Calculate Area Under Graph    
%y2handle=@(z) (z.^(SampleSize-1)).*exp(-z.*x_sum)/norm_const; 
%Ensure that Q2~1 for proper normalisation
%Q2=quad(y2handle,0.01,5,1.0e-2)   
%To Calculate Max, Mean and Variance
for n=1:3000
    if pos(n)==max(pos)         %Locates maximum posterior
        s_max=s(n)    %Finds lambda for max posterior
    end;
end;
%Calculates mean    
s_mean=sum(s.*pos)*0.001  
%Calculates std dev
s_std=sqrt(sum((s.^2).*(pos*0.001))-s_mean^2) 
MATLAB code for Gaussian distribution (Posterior of m,σ)

function postnorm(M,Sig,SampleSize)
%Where M is the mean
%Sig is the standard deviation
%SampleSize is the sample size
%Random Number Generation
%Generate norm dist samples with mean M, std Sig
x=normrnd(M,Sig,1,SampleSize);  
x_sum=sum(x);       %Sums the values of samples
x2_sum=sum(x.^2);   %Sums the square of the values of samples
u1=[5.01:0.02:15];   %Declares u from 0 to 2
s1=[0.01:0.02:10];   %Declares s from 0 to 2       
[u,s]=meshgrid(u1,s1);  %Creates a square matrix of mean and std
norm_const=0;   %Initialise normalisation constant
%Compute posterior of mean and standard deviation
for i=1:500
    for j=1:500
        pos(i,j)=(1/((s(i,j)^(SampleSize+1))*sqrt(2*pi)^SampleSize))*exp(-(x2_sum-(2*u(i,j)*x_sum)+SampleSize*u(i,j)^2)/(2*s(i,j)^2));
    end;
end;
norm_const=sum(sum(pos))*0.0004; %To find normalisation constant   
pos=pos/norm_const; %To normalise area under graph = 1
mesh(u,s,pos);   %Plots posterior of mean and std
Title('Posterior of Mean and Std, P(u,s|x)');
xlabel('Mean'); ylabel('Standard Deviation'); zlabel('Probability Density');
figure
contour(u,s,pos);   %Contour plot of posterior of mean and std
Title('Contour Plot of Posterior of Mean and Std P(u,s|x)');
label('Mean'); ylabel('Standard Deviation');
%To Calculate Max, Mean and Variance
max_pos=max(max(pos));
for i=1:500
    for j=1:500
        if pos(i,j)==max_pos    %Checks for maximum posterior
            u_max=u(i,j)        %Finds mean for max posterior
            s_max=s(i,j)        %Finds std for max posterior
        end;
    end;
end;
u_mean=sum(sum(pos.*u)*0.0004)  %Calculate mean of u
s_mean=sum(sum(pos.*s)*0.0004)  %Calculate mean of s
u_std=sqrt(sum(sum((u.^2).*(pos*0.0004)))-u_mean^2) %Calculate std of u
s_std=sqrt(sum(sum((s.^2).*(pos*0.0004)))-s_mean^2) %Calculate std of s
Matlab Code for Marginalisation of Mean and Standard Deviation

function marg(M,Sig,SampleSize)
%Where M is the mean
%Sig is the standard deviation
%SampleSize is the sample size
%Random Number Generation
%Generate norm dist samples with mean M, std Sig
x=normrnd(M,Sig,1,SampleSize);  
x_sum=sum(x);           %Sums the values of samples
x2_sum=sum(x.^2);       %Sums the square of the values of samples
u1=[5.01:0.02:15];   %Declares u from 5 to 15
s1=[0.01:0.02:10];   %Declares s from 0 to 10
[u,s]=meshgrid(u1,s1);  %Generates square matrix of u and s
%Initialise normalisation constants
norm_const=0;        
norm_const_u=0;
norm_const_s=0;
for i=1:500
    for j=1:500
        pos(i,j)=(1/((s(i,j)^(SampleSize+1))*sqrt(2*pi)^SampleSize))
        *exp(-(x2_sum(2*u(i,j)*x_sum)+SampleSize*u(i,j)^2)/(2*s(i,j)^2));
    end;
end;
norm_const=sum(sum(pos))*0.0004; %To find normalisation constant
pos=pos/norm_const; %To normalise area under graph = 1
pos_u=sum(pos,1);
norm_const_u=sum(pos_u*0.02);
pos_u=pos_u/norm_const_u;
pos_s=sum(pos,2);
norm_const_s=sum(pos_s*0.02);
pos_s=pos_s/norm_const_s;
subplot(2,2,1); mesh(u,s,pos);   %Plots posterior as a function of lamda
Title('Posterior of Mean and Std, P(u,s|x)');
xlabel('Mean'); ylabel('Standard Deviation'); zlabel('Probability Density');
subplot(2,2,2); contour(u,s,pos);
Title('Contour Plot of Posterior of Mean and Std P(u,s|x)');
xlabel('Mean'); ylabel('Standard Deviation');
subplot(2,2,3); plot(u1,pos_u);
Title('Posterior of Mean, P(u|x)');
xlabel('Mean'); ylabel('Probability Density');
subplot(2,2,4); plot(s1,pos_s);
Title('Posterior of Std, P(s|x)');
xlabel('Standard Deviation'); ylabel('Probability Density');
%To Calculate Max, Mean and Variance
max_pos=max(max(pos));
for i=1:500
    for j=1:500
        if pos(i,j)==max_pos         %Locates maximum posterior
            u_max=u(i,j)    %Finds lambda for max posterior
            s_max=s(i,j)
        end;
    end;
end;
u_mean=sum(sum(pos.*u)*0.0004)
s_mean=sum(sum(pos.*s)*0.0004)
u_std=sqrt(sum(sum((u.^2).*(pos*0.0004)))-u_mean^2) 
s_std=sqrt(sum(sum((s.^2).*(pos*0.0004)))-s_mean^2) 
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